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The paper presents a theoretical study of an identification problem by shape optimization
methods. The question is to detect an object immersed in a fluid. Here, the problem is
modeled by the Stokes equations and treated as a nonlinear least-squares problem. We
consider both the Dirichlet and Neumann boundary conditions. Firstly, we prove an
identifiability result. Secondly, we prove the existence of the first order shape derivatives
of the state, we characterize them and deduce the gradient of the least-squares functional.
Moreover, we study the stability of this setting. We prove the existence of the second
order shape derivatives and we give the expression of the shape Hessian. Finally, the
compactness of the Riesz operator corresponding to this shape Hessian is shown and the
ill-posedness of the identification problem follows. This explains the need of regularization
to numerically solve this problem.
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1. Introduction, notations and setting of the problem

The detection and the reconstruction of an object immersed in a fluid is a source of
many investigations. Recently, in 2005, Alvarez et al. studied in Ref. 4 the following
inverse problem: an inaccessible rigid body w is immersed in a viscous fluid, in such
a way that w plays the role of an obstacle around which the fluid is flowing in a
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greater bounded domain 2. They wish to determine w (i.e. its shape and location)
via boundary measurement on the boundary 9f2. Under reasonable smoothness
assumptions on ) and w, they prove that one can identify w via the measurement
of both the velocity of the fluid and the Cauchy forces on some part of the boundary
09. They also give a directional stability result for the inverse problem (see Theorem
1.3 in Ref. 4). After this first result, more investigations were conducted. In 2007,
Heck et al. estimate in Ref. 19 the distance of a chosen point from the obstacle
when the fluid motion is governed by the Stokes equations. In Ref. 5, Alves et al.
use a method based on the analysis of a system of nonlinear integral equations to
determine the shape and the location of a rigid body immersed in a viscous and
incompressible fluid. In 2008, Conca et al. investigate in Ref. 11 the problem of the
detection of a moving obstacle in a perfect fluid by a boundary measurement. They
show that, when the obstacle is a ball, one may identify the position and the velocity
of its center of mass from a single boundary measurement. In 2010, using complex
analysis, Conca et al. prove in Ref. 12 that this result can not be generalized to
any solid. However, they extend this one to moving ellipses and they proved that
when the solid enjoys some symmetry properties, it can be ”partially detected”.
Numerical experiments were also conducted: the numerical reconstruction is difficult
as expected for an inverse problem.

This paper aims to explain these numerical difficulties. We focus on the question
of stability of the shape optimization problem in the case of Stokes equations with
Dirichlet and Neumann boundary conditions. Following previous works on electrical
impedance tomography (by Eppler et al. in Ref. 14 and Afraites et al. in Ref. 2,
Ref. 3), our strategy to solve this inverse problem is to minimize a least-squares
functional. Then, we present the basis of the numerical analysis of this problem by
characterizing the gradient of this functional. To study the stability, we compute the
associated shape Hessian. We prove that this shape Hessian has a pathological be-
havior at possible solutions of the inverse problem: the Riesz operator corresponding
to this shape Hessian is compact. This property explains why only simple shapes
can be recovered. A result converging in the same direction was pointed out to us
by one of the referee: this year, Ballerini proved in Ref. 8 a log-log stability estimate
for a slightly different problem.

This paper is organized as follows. Firstly, we introduce the notations and the
two problems we consider: the Dirichlet case, which is physically relevant, and the
Neumann case much less physically relevant but more challenging from the mathe-
matical point of view. Secondly, we state the main results of this work concerning
these two cases in section 2. In particular, we provide an identification result, we
prove the existence of the first order shape derivative of the state, we characte-
rize this derivative and we give the expression of the gradient of the least-squares
functional. Furthermore, we discuss higher order shape derivatives and we charac-
terize the shape Hessian at a critical point. Finally, we justify the instability of the
problem with the compactness of the Riesz operator corresponding to the shape
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Hessian at a critical shape. In section 3, we present some preliminary results: we
recall an extension proved by Simon in Ref. 23 of the usual implicit functions the-
orem and we prove some results used in section 4 where we prove the main results
of this work. The needed results on Stokes equations concerning the Neumann case
(a theorem of existence and uniqueness of the solution and a local regularity result)
are recalled in Appendix A.

Introduction of the general notations. Let us introduce the notations that we
adopt in this paper. We denote by LP, W™P and H® the usual Lebesgue and Sobolev
spaces. For k € N and an open set Q C RY (N = 2 or 3), we denote by C*(Q)
the space of functions with continuous k first derivatives compactly supported in 2
and by || - ||k,co its natural norm. We also note by D(f2) the space of C*° functions
compactly supported in £2. We note in bold the vectorial functions and spaces: L,
W™P H?, ... Moreover we will note respectively (-,-)q, and (-, ), the dual pro-
duct between [HI(Q)]/ and H'(Q) and the dual product between H™/2(9Q) and
H'/2(092). We denote by |Q| the measure of Q and by 1o the characteristic function
of a measurable subset O. Moreover, n represents the external unit normal to 02,
and for a smooth enough function u, we note respectively dpu and 92, u the normal
derivative and the second normal derivative of u. We also denote by My n the space
of the matrix of size N x N. The tangential differential operators will be noted by
the subscript I'. In particular, for w € W!(99) and W € Wh1(0Q, My x), the
following operators are defined on 02:

e Vrw := Vw — (Vwn) @ n, where ® denotes the tensorial product,(1.1)
o divp W:=divW — (VWn)n, (1.2)
o Arw := divp (Vpw), which is the Laplace-Beltrami operator. (1.3)

For more details on tangential differential operators, we refer to Section 5.4.3 in
Ref. 20.

The problem setting. Let 2 a bounded, connected and Lipschitz open subset of
RN (with N = 2 or N = 3). Let § > 0 fixed (small). We define Os the set of all
open subsets w of  with a C%! boundary such that d(x,9Q) > § for all x € w and
such that  \ @ is connected. We also define Q5 an open set with a C>° boundary
and such that

{z € ; d(z,00) >6/2} C Qs C {x € Q; d(z,00) > §/3}.

Let U := {0 € W>>(RY); Supp 0 C Qs} and U := {8 € U; [|0]|2.00 < 1} be
the space of admissible deformations. If @ € U, then (I + ) is a diffeomorphism
by Banach’s fixed point Theorem. For such a 8 with Supp 8 C 2 and w € Oy, we
check 2 = (I+6)(22) and we define the perturbed domain wy := (I 4+ 0)(w) which
is so that Q\ wg € Os.

Let fp be an admissible boundary measurement and O a non-empty open subset
of 0€Q). We will study separately both the Dirichlet case and the Neumann case.
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The Dirichlet case. Let g € H/?(99) such that g # 0 and satisfying the follo-

wing condition:
/ g-n=0, (1.4)
a0

and let us consider, for w € Og, the following overdetermined Stokes boundary
values problem:
—div (o(u,p)) =0 in Q\ @,
divu =0 in Q\,
u =g on 0f, (1.5)
u =0 on Juw,
0(u7p)n = .fb on Oa
where o(u,p) = v(Vu+'Vu)—plis the stress tensor, with v > 0 a given constant
representing the kinematic viscosity of the liquid. Since divu = 0 in 2\ @, one has
—div (o(u,p)) = —vAu + Vp,

in Q\ @ and we will use indifferently both expressions.

We suppose here that there exists w such that (1.5) has a solution. This means
that the measurement fp is perfect, that is to say without error. Thus, we consider
the following geometric inverse problem:

find w e Os and a pair (u,p) which satisfies the overdetermined system (1.5).
(1.6)
To solve this inverse problem, we consider, for w € Og, the least-squares functional

Tp(w) = /O o (w(w), p(w)) n — fol?,

where (u(w),p(w)) € HY(Q\ @) x L?(2\ @) is a solution of the Stokes problem
—div (o(u,p)) =0in Q\ @,
divue =01in Q\ @,

u = g on 0f),

u = 0 on Jw.

(1.7)

Since we imposed the compatibility condition (1.4), problem (1.7) has a unique
solution once a normalization condition on the pressure p is imposed (see for example
Chapter 1 in Ref. 24). This solution will be called the state. Here, we choose the

normalization
| etwpm n=[ fuon
10) 10)

Then, we try to minimize the least-squares criterion Jp:
w* = argmin Jp (w). (1.8)
weOs
Indeed, if w* is solution of the inverse problem (1.6), then J(w*) = 0 and (1.8) holds.
Conversely, if w* solves (1.8) with J(w*) = 0, then this domain w* is a solution of
the inverse problem.
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The Neumann case. We mimic the study of the Dirichlet case. Let f € H*(RY)
such that f # 0, f =0 in s and satisfying the condition:

/Qf =0. (1.9)

For w € Oy, we consider the overdetermined Stokes boundary values problem:

—vAu+Vp=f in O\,
divu =0 in Q\w,

—vOpu +pn =0 on 99, (1.10)
—vOhu +pn =0 on Jw,
u = fp on O,

where v > 0 is a given constant representing the kinematic viscosity of the liquid.

We suppose here that there exists w such that (1.10) has a solution. This means
that the measurement f is perfect. Thus, we consider the geometric inverse prob-
lem:

find w € Os and a pair (u,p) which satisfies the overdetermined system (1.10).
(1.11)
To study this inverse problem, we introduce, for w € Os, the least-squares functional

J(w) = /O uw) — fol?,

where (u(w),p(w)) € HY(Q\ @) x L?(Q \ @) satisfies the Stokes boundary values
problem

—vAu+ Vp = fin O\,

dive =0 in Q\w,

—vOpu +pn = 0 on 0N,

—vOpu +pn =0 on dw.

(1.12)

Since f satisfies the condition (1.9) and since f = 0 in s, the compatibility
condition of problem (1.12) is automatically satisfied. According to Appendix A.1,
it has a unique solution once a normalization condition on u is imposed. Here, we

take
[ f

Then, we try to minimize the least-squares criterion J:
w* = argmin J(w). (1.13)
weOs
Indeed, if w* is solution of the inverse problem (1.11), then J(w*) = 0 and (1.13)
holds. Conversely, if w* solves (1.13) with J(w*) = 0, then this domain w* is a
solution of the inverse problem.

Remark 1.1. In this Neumann case, we can also consider a non-homogeneous
Neumann data of the kind —vd,u + pn = g on 99 instead of / or in addition to



L3J anuary

7, 2011 9:22 WSPC/INSTRUCTION FILE

adraCaubetDambrine-m3as

6 M. Badra, F. Caubet, M. Dambrine

the force f. In the Dirichlet case, we can also consider a force f with homogeneous
Dirichlet data on 0. These modifications do not change the conclusions of the
work but complicate the notations and computations.

Introduction of the needed functional tools. Let T > 0, that we will have to
fix small. We will use the shape calculus introduced by Murat and Simon in Ref. 22.
Thus, we consider the function

p:t€[0,T)—I1+tV € W (RN). (1.14)

where V' € U. Note that for small ¢, ¢(t) is a diffeomorphism of R and that
¢'(0) = V vanishes on 9Q and even on the tubular neighborhood 2\ Qs of 9Q. For
t € [0,T), we define w; := ¢(t)(w) where ¢ is defined by (1.14). For the rest of the
paper, we use a subscript ”;” to indicate that the quantity is defined on the time ¢
dependent domain. For instance, n; is the external unit normal of Q \ ;.

2. Statement of the main results

We will state the main results in the two cases we study: the Dirichlet and the
Neumann cases exposed in the previous section. We obtain similar results.

2.1. The Dirichlet case

Identifiability result We first quote an identifiability result in the Dirichlet case
(see Theorem 1.2 in Ref. 4) proved by Alvarez et al.: it states that given a fixed g,
two different geometries wy and wy in Os yield two different measures fpq and fpo.
Hence problem (1.6) admits a unique solution.

Theorem 2.1 (C. Alvarez, C. Conca, L. Friz, O. Kavian, J.H. Ortega,
Ref. 4). Let Q CRY, N =2 or N = 3, be a bounded Lipschitz domain, and O a
non-empty open subset of 0. Let

wo, w1 € Daq :={w CC Q; w is open, Lipschitz and Q\ @ is connected}

and g € H¥?(0Q) with g # 0, satisfying the fluz condition (1.4). For ¢, = 0 or
€. =1, let (uj,pj) for j =0,1, be a solution of

—div (o(uj,p;)) + e.div (u; ® uz) = 0in Q\ w0y,
divu; =0 in Q\ oy,

u; = g on 01,

u; = 0 on Ow.

Assume that (uj,p;) are such that
o(uj,pj)n=o(uj,p;)n on O.

Then wo = ws.
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Sensitivity with respect to the domain Secondly, we aim to make a sensitivity
(with respect to the shape) analysis. The Stokes problem on 2\ @y
—div (o(ut,pt)) = 0in Q\ @y,
divug =0 in Q \ oy,
uy = g on 0%,
ug = 0 on Owy,

admits a unique solution (us,p;) € H (Q\ @;) x L?(Q \ @) satisfying the norma-

lization condition
/(U(Ut,pt)n)'HZ/ fo - n.
O O

Proposition 2.1 (First order shape derivatives of the state). The solution
(u,p) is differentiable with respect to the domain. Moreover, the derivatives u’ and
p' belong to H*(Qs\@) and to H (Qs\©). The pair (v, p’) € H' (Q\©) x L2(Q\ ©)
s the only solution of the following boundary values problem

—div (o(u/,p")) =0 inQ\w,
diva’ =0 0\,
u =0 on 01,

u' = —Vu'V on dw,

with the normalization condition
[ om0
10)

Proposition 2.2 (First order shape derivatives of the functional). For V
in U, the least-squares functional Jp is differentiable at w in the direction V' with

DJp(w) -V = 7/8 [(o(w,g)n) - Opu] (V - n),

where (w, q) € HY(Q\@) x L2(Q\@) is the solution of the following Stokes boundary
values problem:

—div (o(w,q)) =0 in Q\ w,
divw =0 in Q\ @,

w = 2(c(u,p)n — fp) 1o on 09,

w=0 on Ow,

with the normalization condition

/O (o(w,q)m) -1 =0,

Remark 2.1. The differentiability with respect to the domain of w and p as well
as Proposition 2.2 remain true under weaker assumptions. Indeed, the proof is
still valid with g € HY/2(8Q) and w with a C! boundary (but in this case, the
expression of D Jp(w) - V has to be seen as a duality product H=/2 x H'/2).
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Second order analysis: justification of the instability Finally, we want to
study the stability of the optimization problem (1.8) at w*.

Proposition 2.3 (Characterization of the shape Hessian at a critical
shape). The solution (u,p) is twice differentiable with respect to the domain.
Moreover, for V € U, we have

D?Jp(w*)- V.-V = . —(o(w’,¢")n) - (Vu V),

where (w’,q') € H (Q\ w¥) x L2(Q\ w¥) is the solution of the following problem:

—div (o(w’,¢")) =0 in Q\ w*,
divw’ =0 in Q\ w*,

w’ =20(u,p)nlp on 09,

w' =0 on Ow*,

with the normalization condition
[ ot gm)n=o
o

Proposition 2.4 (Compactness at a critical point). The Riesz operator cor-
responding to D2Jp(w*) defined from HY?(8w*) to H™Y/?(0w*) is compact.

Remark 2.2. We refer to Theorem IV-5-1 in Ref. 17 for the local regularity result
for the solutions in the Dirichlet case. This point is crucial for proving Proposition
2.4 with the method we adopt here.

2.2. The Neumann case

Identifiability result We first present a new identifiability result for the Neumann
case.

Theorem 2.2 (Identifiability result). Let Q C RN, N =2 or N = 3, be a
bounded Lipschitz domain and O a non-empty open subset of 9. Let wgy, w1 € Os
and f € L*(Q) with f # 0 and f = 0 in Qs satisfying the condition (1.9). Let
(uj,p;), for j =0,1, be a solution of

—vAu; + Vp; = f in Q\wj,
divu; =0 in Q\QTJ,
—v0puj +p;n =0 on 09,
—V0n;uj + pjnj = 0 on dw;.

Assume that (uj,pj) are such that ug = uq on O. Then wy = wy.

Remark 2.3. This proof of identifiability will be done under the weaker assump-
tion: wy and wy have a Lipschitz boundary.
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Sensitivity with respect to the domain. Secondly, we aim to make a sensitivity
(with respect to the shape) analysis, as in the Dirichlet case. The Stokes problem
on O\ wy

—vAug + Vp = f in Q\ oy,
divuy =0 in Q\ @y,
—v0Opuy + pin = 0 on 092,
—v0n, Ut + png = 0 on Owy,

(2.1)

admits a unique solution (ug,p;) € H (Q\ @7) x L?(Q \ @) satisfying the norma-

lization condition
/ Uy = / f b
o 1e)

Notice that the compatibility condition of problem (2.1) is automatically satisfied
since f satisfies the condition (1.9) and since f = 0 in Q5.

Proposition 2.5 (First order shape derivatives of the state). The solution
(u, p) is differentiable with respect to the domain. Moreover, the shape derivatives u’
and p' belong to H?(Q5\w) and to H' (Qs\@). The pair (v, p’) € H' (Q\w) xL?(Q\©)
is the only solution of the following boundary values problem

—vAu' +Vp' =0 in Q\w,
dive’=0 in Q\w,
—v0pu’ +p'n=0 on 99,
—v0au’ + p'n= (V03,4 — Oppn) (V-n) + pVr(V n) — vVuVr(V-n) on dw,

(2.2)
/O u’ =0.

Remark 2.4 (Meaning of high order derivatives on dw). By the local reg-
ularity result Appendix A.2, u € H*(Q; \ @), p € H?(Qs \ @), then the quantity
V92,1 — dypn belongs to HY?(9w).

with the normalization condition

Proposition 2.6 (First order shape derivatives of the functional). For V
in U, the least-squares functional J is differentiable at w in the direction V' with

DJ(w)-V = g [(v02,u — Onpn) - w — divy ((pI—v'Vu)w)] (V - n),

where (w,q) € H (Q\ @) x L2(Q\ @) is the solution of the following problem:

—vAw+Vqg=0 in Q\ @,
divw =0 in Q\ @,

—vOhw + qn = 2(u — fp)1o on 99,

—vohw+qn =20 on Jw,

(2.3)
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with the normalization condition

/w:0.
o)

Remark 2.5 (Meaning of high order derivatives on dw). The expression of
shape derivative involves high order derivatives of the couple (u,p) that have to
be well defined. By the local regularity result Appendix A.2, w € H*(Qs \ @). It
follows that w € H*?(w) and pI — v'Vu € H3/2(dw). Therefore, the function
(pI — v*Vu)w € W (dw) has a tangential divergence on dw.

Moreover, using the Sobolev embeddings in dimension N =2 or N = 3,

we Q5 \@) = L¥(Qs \@) and Vw e H*(Qs\ @) — L°(Qs \ D).

Thus, w € W™ (Q; \ @), then (pI—v!Vu)w € H(Q; \ @) and finally we get that
divr (pI — v*Vu)w € HV/2(0w).

Remark 2.6. The differentiability with respect to the domain of u and p as well
as Proposition 2.6 remain true under weaker assumptions. Indeed, the proof is still
valid with f € H'(RV) and w with a C** boundary (but in this case, the expression
of D J(w) - V has to be seen as a duality product H~1/2 x H/?).

Second order analysis: justification of the instability. Finally, we study the
stability of the optimization problem (1.13) at w*.

Proposition 2.7 (Characterization of the shape Hessian at a critical
shape). The solution (u,p) is twice differentiable with respect to the domain.
Moreover, for V € U, we have

D?J(w*)-V-V = [(vO2,u — Onpm) (V-n) + pVr (V- n) — vVuVr (V- n)]-w’,
dw*

where (w',q') € HY(Q\ w¥) x L2(Q \ w*) satisfies the following Stokes boundary
values problem:

—vAw' + V¢ =0 in Q\ w*,

divw’ =0 in Q\ w¥, (2.4)
— 0w’ + ¢ n=2u"lp on 09, ’
0w +¢n=0 on dw*,

with the normalization condition

/'w':0.
o

Proposition 2.8 (Compactness at a critical point). The Riesz operator cor-
responding to D2J(w*) defined from HY?(0w*) to H™'/2(dw*) is compact.
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2.3. About the lack of stability.

Statements 2.4 and 2.8 explain the difficulties encountered to solve numerically this
problem. Indeed, the gradient has not a uniform sensitivity with respect to the
deformation directions. Since J is twice differentiable, it behaves about w* as its
second order approximation. the compactness result means, roughly speaking, that
in a neighborhood of w* (i.e. for ¢ small) one cannot expect an estimate of the kind
Ct < +/J(w¢) with a constant C' uniform in V.

However we prove that, for a finite dimensional space of deformation fields, the
discrete shape Hessian is coercive: our identifiability result proves that the domain
to be recovered is a local strict minimum of the least-squares functional. Let us
take the example of a starshaped domain w in dimension two. Assume that dw is
parametrized by

Ow = { (?1)) + (Qz + é(QQkJrlCOS(k t) + gar-+osin(k t») (:?j((z)))

=Y a Vit te (0,2m)},
k=0

where g € R. Then, for all n € N, we have an estimate of the kind
YV € Span(V)o<k<zni2, D*J(w*) - (V,V) > C, |[V]?,

where C,, is a positive constant. But this constant C,, tends to 0 when n tends to
+00. We even expect that this decreasing is exponential as observed in Ref. 2 for
the Laplacian case. Therefore, our functional is degenerate for the highly oscillat-
ing deformations, i.e. for the deformation directions Vj, with & >> 1. Thus, for
a numerical resolution, one has to exclude these highly oscillating deformations.
We therefore explain the result of Conca et al. in Ref. 12. This instability can be
avoided by regularization, for example, by adding to the least-squares functional a
penalization in terms of the perimeter. This term leads to well posed problems (see
Ref. 10 and Ref. 13). This lack of real stability is also pointed out in the recent
paper of Ballerini (Ref. 8).

3. Differentiability results

Existence and characterization of the shape derivatives of the state and of the
gradient of the least-squares functional are proved by classical arguments in shape
calculus. Differentiability of the solution of the Stokes problem and of the shape
functional is obtained through a generalized implicit function theorem proved by
Simon (see Theorem 6 in Ref. 23) that we recall the statement for the reader’s
convenience.

All the proofs are done for the Neumann case. Adaption to the Dirichlet case
is straightforward. Auxiliary results on Stokes equations with Neumann conditions
(an existence and uniqueness of the solution theorem and a local regularity result)
are recalled in Appendix A.
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Theorem 3.1 (J. Simon, Ref. 23). We give us

e an open set U in a Banach space U, ug € U, two reflexive Banach spaces
E1 and EQ,

e amap F : U X Ey — Es, such that F(u,-) € L(E1, Es) for alluel,

e a function m : U — Fy and a function f : U — Ey such that

F(u,m(u)) = f(u) YuelU.
(i) Assume that

o u > F(u,-) is differentiable at ug into L(Ey, E3),
e [ is differentiable at uy,
o ||F(uo, )|, > allz||g, V€ Ey, for some o > 0.

Then, the map u — m(u) is differentiable at ug. Its derivative m’(ug, -) is the unique
solution of

F(ug,m'(ug,v)) = f'(ug,v) — O F (uo, m(ug),v) Yo € U.

(i) In addition, assume that for some integer k > 1, u— F(u,-) and [ are k times
differentiable at ug. Then, the map u — m(u) is k times differentiable at uy.

We recall the main assumptions made in the introduction: f € H*(RY), Q is
Lipschitz and w has a C%! boundary. Let @ € U. We set (ug, pg) the unique solution
in H'(Q\ @g) x L2(Q\ @p) of

—vAug + Vpy = f in Q\Tg,
divug =0 in Q \ g,

—vOhug + pgn = 0 on ), (3.1)
71/811911,9 + ppng = 0 on 6&)9,
with
/ ug = / Jo.
o o
This boundary values problem has the following variational formulation:
/ {vVug: Vg —podiveps} = f e Vo € H'(Q\ @p),
Q\we \we
/ (pdivug =0 Y&y € L2(Q \@)7 (3.2)
Q\wg

/OUOZ/Ofb-

Let us define the key objects of our differentiability proof:

ve =ugo(I+0)c H'(Q\@) and ¢g:=pgo(I+86)cL*Q\D).
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For k,m € N, k < m, we note X*™(Q\w, Q5 \©) the space of functions in H*(Q\®)
such that their restriction to Qs \ @ belongs to H™(Qs \ @). This space endowed
with the norm

1/2
l[ullxr.m@\z05\@) = (”u”%{k(ﬂ\w) + HU”%{m(szé\w)) )

is hilbertian. We define similarly the space X*™(Q\w, Q5 \@) the space of functions
in [H*(\ w)]’ such that their restriction to 25 \ @ belongs to H™ (5 \ @).

Before establishing the first order differentiability, we prove the following three
lemmas.

Lemma 3.1 (Characterization of (vg, qp)). For @ € U, the pair (ve, qg) satisfies
for all p € HY(Q\ @) and all € € L2(Q\ @)

([T00A(®)] Vo~ wBO): Vo) = [ [fo+0) oo

/ (Vvo: B(8)) € = 0.
0@

/OUQZ/Ofb,

Jo = det (I1+ V) € Wh (Q;) ,
A(0) :==vJg(1+VO) 1 (I1+'VO)~' € Wb (Q5, My n),
B(B) = Jo(I + tVB)*l e Whee (vaN,N) .

o0\w

with

Lemma 3.2 (Differentiability of 8 — (vg,qy)). The function
0cU— (’09, q9) € Xl’z(Q \wa Q§ \w) X Xo,l(Q \wa QJ \w)
is differentiable in a neighborhood of 0.

Lemma 3.3 (Differentiability of 6 — (ug,ps)). There exists ug, Py some res-
pective extension of ug € H' (Q\ @), pp € L2(Q\ @) such that the functions

OcU—upcH(Q) and O cU Py € L2(Q)
are differentiable at 0.

Remark 3.1. We will prove this three lemmas under weaker geometrical assump-
tions: f € H'(RY) and w with a C'!' boundary.

Proof. (of Lemma 3.1: characterization of (vg,q)). Let ¢ € H'(Q\ @),
€€ L?(Q\w) and O € U. Using

po:=po(l+0)' e H(Q\wy) and & :=Eo(I+60)7" € LX(Q\wy)
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as test functions in the variational formulation (3.2), we have

/QM {v[(Voe(1+VO)™) o 1+0)7'] : [(Ve (I1+VO)™!)o(I+6)7"]
— (oo (I+0)7") div(po(I+0)" 1)} = Q\@f [po@+6)7'],

/Q\we [Eo(I+6) "] div(vgo(I+6)") =

/ngo (I+06)" /fb

However, div (po (I+6)7!) = (Voo (I+60)7!): (I+'VO)'o(I+0)7"!), and
a similar equality holds with vg instead of . Thus, the conclusion follows after the
change of variables z = (I + 6)y and by noticing that

/ngJg:/O[fbo(IJrG)]Jg — /Ove:/ofb,

since @ = 0 on O C 99. O

Proof. (of Lemma 3.2: differentiability of ¢ — (vg,qp)). Let us check the
assumptions of Simon’s Theorem.

First step: notations. We need some additional tools: a third domain SNL; which is
an open set with a C'* boundary and such that Q25 CC §~25 CC 2 and a truncation
function ® € C°(€)s) such that ® = 1 in Q5. Using the notations introduced in
Lemma 3.1, we define the spaces:

Ey = {(v,q) e H(Q\©) x L*(Q\ @) ; (dv, &q) € H*(Q\w) x HY(Q\ @)},
B, ::{(f,g) e[H'(Q\@)] xLA(Q\@); (2f, 0g) € LR\ @) xH 2\ @)} x RY.
Note that Ey and FE5 are Hilbert spaces with respective norms

10,913, = 9]0 vz + 141220013 + 1220302 ) + 19l orm.
((£.9).7) B, = 1 ear nyy + 19122 00z + 1@ F By + @11 ) + I

Moreover, for (v,q) € E1, (v,q) € X"2(Q\ @, Q2 \@) x XO(Q\ @, Qs \ @), and for
((f,9),7) € Bz, (f,9) € X"(Q\ @, 25\ @) x XM (2\ &,925 \ @), and there is a
constant C'g such that the following estimates hold:

H(vaQ)”XLQ(Q\D,Q(;\D)xXovl(Q\w,Qg\w) < Cg|(v, 9|, (3.3)
(£, 9)Ix+0\@,0:,\@) xx01 (\,0:\@) < Cell(f,9):7)|E,

We also define the functions:

o f1(0,(v,9)) € [H'(Q\®)] by Ve € H'(Q\ D),

(10, (0,0)) Pans = / SIS
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o Fi(0,(v,9) € [H'(Q\m)] by Ve € H(Q\ @),

(F1(0,(v,9)), @)\ = . {[Vv A(0)] : Ve —q B(6): Vi,

o m(®)i= (0. 0) and £0)= (0. 00).0. [ 7).
. F(0,(v,q)) = (Fl(a, (v,q)), Vo:B(8), / v).
o
By the characterization of (vg, ¢s) obtained in Lemma 3.1,

F(O,m(0)) = f(0) VO clU.
Second step: differentiability of F' and f at 0. We use the chain rule. Since the

functions
OcU— Jpel™(Q) and OclU— (I+VO) el Myxn)
are C'°°, the functions
0cU— AB) e L°(QMnxy) and 0 €cU — B(O) € L®(Q, Myxn)
are C'°°. Moreover, the following functions are C'*°:

L®(Q, Myxv )x{v € H'(Q\@); ve H*(Q\w) }—+{g € L*(Q\w); ®g € H'(2\®)}
(B,v)=»Vv:B,

UEXI’Q(Q\E,Qg\w)H/UERN,
o

Fy:(0,(v,q) €U X Ey — Fy(8,(v,q)) € {f e [HY(Q\D)]; 0f € L?(Q\a)}.
Finally, since f € H'(RY) by hypothesis, the function
0 c W2 (Q) — fo(I+86)eL*RY)
is C! in a neighborhood of 0 by Lemma 5.3.3 in Ref. 20. Then, the function
f1:(0,(v,q9) €U x Ey — f1(0,(v,q)) € {f € [Hl(Q\w)]’; of € LQ(Q\w)}

is C''. By composition, F is C* and f is C' in a neighborhood of 0.

Third step: existence of o > 0 such that ||[F(0,(v,q))|g, > a|(v,q)| g, We
consider a pair (v,q) € E1 and we define (§,n,7) € E; by F(0,(v,q)) = (&,1,7).
Then, we have, for all ¢ € H'(Q\ @),

/Q\ {vVv: Vo —qdive} = (€, )a\z-
dive = in Q\w,

/’UZ’I".
O
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Setting ¢; = ¥(0,...,0,1,0,...,0), (i = 1,...,N), as test functions in the first
line of the previous system, we check the compatibility condition of Appendix A.1.

Thus, according to Appendix A.1, there exists w € H'(Q\®) such that / w=20

O\@
and such that, for all ¢ € H'(Q\ @),
. {vVw: Ve —qdive} = (€, v)g5:
divw =n, in Q\w,
and there exits a constant «; > 0 such that
lwlla: @) + lallLz e < o <||£||[H1(Q\w)]’ + ||77\|L2(Q\w)) : (3.4)

Such a problem has a unique solution, we then get that

1),
V=W — —— w4+ 7.
0l Jo

Thus, by computation, there exists a constant ag > 0 such that

[v]la (@) — 192 \ @3] < azllw|| g (o\z)-

Hence, using the above inequality and (3.4), there exists a constant ag > 0, such
that

ol o) + llallzem < as (1€l ey + Inleew + ). (35)
Mimicking the proof of the local regularity result Appendix A.2 (see inequality
(A.9)), we use the argument stated above to prove the existence of a constant ay
such that

||‘I>'U||H2(Qa\§) + ||(I)Q||H1(ﬁs\w)

< a1 (I9€ e ,1m) + 190lls 3,10 + 0l @12 + lalla@z) + 1) -

Thus, since ® is compactly supported in SNI(;,

[Pvlaz\w) + [Pl (\@)

<oy (||‘I’§||L2(Q\w) + ||‘I’77||H1(Q\w) + ||UHH1(Q\U) + ||Q||L2(sz\w) + |T‘|) . (3.6)
Gathering (3.5) and (3.6), there exists a constant o > 0 such that
I1F(0, (v,9)ll . = all(v,q)le, -
Fourth step: conclusion. By Simon’s Theorem,
0clU — (’Ug,qg) (S El

is differentiable in a neighborhood of 0. We conclude using the fact that F; is
continuously embedded in X*?(Q\ @, Qs \ @) x X9 (Q\ T, Qs \ @) (see (3.3)). O
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Proof. (of Lemma 3.3: differentiability of 8 — (ug,pg)). We use the chain
rule. We only prove the result on ug because the ideas are exactly the same for the
result on py.

For @ € U, ug = vgo (I+80)~' € H*(Qs \ @g). According to Lemma 3.2 and
Stein’s extension Theorem (Theorem 5.24 in Ref. 1), there exists vg, an extension
of vg, such that @ e U — vy € H2(Q5) is differentiable at 0. Moreover,

OcU— (1+60)" —TcWh>(Q)
is differentiable at 0. Thus,
w1 :0cU— (Vg,(I+0)"1 —1) € H*(Q5) x WH>(Q)
is differentiable at 0. We apply Lemma 5.3.9 in Ref. 20, to get that
2 (g.p) € HP(RY) x WH(Q) = g o (I+ p) € H'(RY)

is C'! in a neighborhood of 0. By composition, ¢, o ¢4 is differentiable at 0. Then,
we define an extension of ug as

= [e2o01(0) in Q5
. Ug in Q\Qg.

Using Lemma 3.2, the function
0 €U ug|ga; =veo (I+0) " |ga =ve|n\g; € H'(Q\ Q)
is differentiable at 0. Moreover, on a neighborhood V(9s) of 985, &”; = ug = vy.

Thus, using Lemma 3.2, 8 € U +— ug|y(90,) € H'(V(095)) is differentiable at 0.
Therefore 8 € U +— ug € H'(Q) is differentiable at 0. |

Higher order differentiability. To prove that (u,p) is twice differentiable with
respect to the shape, we use the second order differentiability of 8 +— (vg,qy).
Therefore, we first prove the following lemma:

Lemma 3.4. The function
0 €U (ve,qp) € X3\ T, Q2 \ @) x X2(Q\ @, Q5 \ @)
1s twice differentiable in a neighborhood of 0.
Proof. We use Simon’s T}~1e0rem 3.1. Let the open set ﬁg defined in the proof of
Lemma 3.2 and ® € C°(£5) such that ® = 1 in Q5. We consider the functions

F and f defined in the proof of Lemma 3.2 with modified sets of departure and
destination:

Ey:={(v,q) € H'(Q\©) x L*(Q\ @); (Pv, ®q) € H*(Q\ @) x H*(Q\ ©)},
E2::{(f,g) e [H'(Q\@)] x LX(Q\@); (BF, Bg) € H'(Q\ D) x HQ(Q\w)}xRN.
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We adapt the proof of Lemma 3.2 to obtain that F and f are C? in a neighborhood
of 0. Indeed, since f € H*(RY), then the function

OcUd— fo(l+0)cH (RY)

is C? in a neighborhood of 0 (see Lemma 5.3.9 in Ref. 20). Moreover, we check last
assumption of Theorem 3.1 (the estimation) like in the proof of Lemma 3.2. We use
in particular the local regularity result Appendix A.2. Therefore, the function

0 cU— (vg,q9) € X0\, 0 \ @) x XO2(Q\ T, Qs \ @)

is twice differentiable in a neighborhood of 0. |

Lemma 3.5 (Second order shape differentiability). The solution (u,p) is
twice differentiable with respect to the domain.

Proof. Let us set vy := ug 0 ¢(t) and ¢ := py o ¢(t) where ¢(t) = I+ tV. Using
the Fréchet differentiability Lemma 3.4, we obtain the Gateaux differentiability in
the direction V', the functions

te[0,T) = vyg,0 € H' (25 \ @) and  t€[0,T) — Gt |os\w € H?(Q5 \ ©)
are two times differentiable at 0. Using Stein’s extension Theorem, there exists
P:H*(Q5\ @) —» H*(Qs) and Q:H%(Qs\©) — H2(Qs),

two extension operators linear continuous. Thus, using Lemma 5.3.9 in Ref. 20, the
functions

t€[0,7) — P(vy) o (T+tV) ™" = ug € H'(Qy)
and
tE0,T) = Qlar) o (L+1V) ™ = f; € L2(2)
are twice differentiable in a neighborhood of 0. Moreover, the functions
te[0,T) = usjo\q; = Ve € H'(Q\ Qs)
and
te[0,T)— Prioa; = dtlo\a; € L2(Q\ Q)

are twice differentiable in a neighborhood of 0 by composition. Thus, defining

g in Qs _ P in Qg
= i d = —
ut { Ut in Q \ Qg o bt {pt in \ Qg,

we conclude as in the proof of Lemma 3.3. O
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4. Proof of the main results

The identifiability result for Neumann conditions It is directly adapted from
Theorem 1.2 in Ref. 4. The main ingredient is the following theorem due to Fabre
and Lebeau:

Theorem 4.1 (C. Fabre, G. Lebeau, Ref. 16). Let Oy C RY, N > 2, be
a bounded domain and Dy an open subset of Qo. If a € Lis.() and (u,p) in
Hi,.(Q0) x L2 () is a solution of

—Au+ (a-V)u+ Vp=0in Q,
divu = 0 in Qo,

with w = 0 in Dy, then u =0 in Qo and p is constant in .
We deduce from the above theorem the following corollary:

Corollary 4.1 (Unique continuation property). Let Qy C RN, N > 2, be a
Lipschitz domain. If (u,p) € H'(Qg) x L%(Qo) is a solution of

—vAu + Vp = 0 in Qy,

divu = 0 in Qy,
—vOpu+pn =0 on O, (4.1)
u =0 on O,

where O C 09y is a relatively open non-empty subset, then u =0 and p =0 in .

Proof. (of Corollary 4.1). We enlarge the domain by a ball: we fix a point y in
O, we set p :=d(y,00)/2 and set Q, := Qy U B(y, p). We define

~{uin Qo, and ~{p in Qo,
0 in Q,\ Q, P=0 in Q,\ Q.

Since u € H'(Qp) and w = 0 on O, we check that p € L2(Q,) and u € H'(Q,).
By summing on Q4 and on Q;xt = {Q,NB(y,p)} \ O, we get that for all ¢ in
CZ(B(y,p):

/ (vVu:Ve —pdive) = 0.

QP

Then, —vAu + Vp = 0 in D’(£,). Proceeding as above, we also get diva = 0 in
D'(Q,). Moreover, u = 0 in Q** C Q,. Thus, according to the unique continuation
Theorem 4.1, = 0 and p is constant in ,. Since p =0 in Q‘;Xt, P =01in Q, then
on Qo by restriction. O

Proof. (of Theorem 2.2). We define u := ug —u1, p := pp —p1 and w := woUwy.
Hence, (u,p) satisfies

—vAu+Vp=0in Q\w,

dive =0in Q\ @,
—v0ptt +pn = 0in O,
u = 0inO.
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Therefore, according to Corollary 4.1, u =0 and p =0 in Q \ @.
We proceed by contradiction. Assume that wg \ @y is non-empty. We know that

—vAu; +Vp; =0  in wp\ 1.

Multiplying this equation by w; and integrating by parts in wp \ @y with f =0 in
Qs and —vdyuy + p1n = 0 on Jw;, we obtain

/ v|Vauy > + / (—vOpu1r +p1n)-uy =0. (4.2)
wo \w1 (Owo)\w1

Since ug = w1 and pg = p; in 2\ @, the boundary condition satisfied by ug on dwg
provides

—vO0pu1 +p1n=—vihug+pon=0 on (Jwy)\wr.

Hence, equality (4.2) is simply

/ v|Vui* =0.
wo\W1

Hence, u is constant in wg \ @7. By Theorem 4.1, u; and p; are then constant in
Q\wr and —vAu; +Vpy = 0 in Q\wy. This contradicts f # 0 and then wo \wy = 0.
By symmetry, wy \ @wp = 0. Finally, wy = w;. O

First order shape derivatives of the state. We recall the variational formula-
tion of the problem (2.1) in Q \ @;: Find (ug,pi) € HY(Q\ ©7) x L2(Q\ @) such
that
/ {vVug: Vg — prdives ) = f o Vo € HI(Q\ @),
Q\wy Q\wy
/ &divug =0 VE € L2(Q\ @), (4.3)
Q\wr

/ Uy = / So.
o o)
Proof. (of Proposition 2.5).

First step: first order shape differentiability. Using the Fréchet differentiability
Lemma 3.3, we obtain the Gateaux differentiability in the direction V': there exist
u and py, respective extensions in §2 of us and p; such that the functions, defined on
[0,T), t — us € HY(Q) and t — p; € L2(Q) are differentiable at 0 by composition.
We denote by w’ and p’ their respective derivative at 0.

Second step: derivative of the normalization condition. The function

t'—>/out=/ofb

is constant on [0,T"). Thus, its derivative is 0. By differentiation under the sum sign,

we get / u’ = 0.
o



LgJanuary 7, 2011 9:22 WSPC/INSTRUCTION FILE
adraCaubetDambrine-m3as

Detecting an obstacle immersed in a fluid by shape optimization methods 21

Third step: derivative of the equalities on 2\ Wy. Let ¢ € D(Q\ ). As Q\ @ is
open, we have, for t small enough, ¢ € D(Q\ @;). Therefore, using the first line of
the variational formulation (4.3), we have for all ¢ € [0,T)

fo= focp:/ {vVus: Ve — pdive}
O\w i\ Q\wr

=/ —{rug - Ap —pdive} = {—vus - Ap —pi divp} .
Q\&r O\w

We differentiate with respect to ¢t at ¢t =0
/ f-p= {—vut - Ap — p; div e}
o\w o\w
to obtain
0= \ {—vu' - Ap —p'dive} = (—vAu' + Vp/, ) (0\3), DO\D) -
o\w
As it is true for all ¢ € D(Q\ @), we get
—vAu' +Vp =0 in D'(Q\w). (4.4)
Proceeding with the second line of the variational formulation (4.3) as previously,
we check that divu’ =0 in D/(Q\ @).
Fourth step: variational characterization of w’ and p'. Let ¢ € H? (Q\w). Using
Stein’s extension Theorem, ¢ admits an extension in H?(RY) still noted ¢. This

extension is in particular in H*(Q \ @;). Using ¢ as a test function in the first line
of the variational formulation (4.3), we have

/ {vVus: Vo —prdive} = f-e. (4.5)
N\wr \we

To compute

d
I:=— (/ {VVut:Vso—ptdivso}) )

=0
we use Hadamard’s formula (see Corollary 5.2.5 in Ref. 20). Let us check its as-
sumptions. Set

(t) =v [Vo(I+V V)7 2 [(Ve) 0 6(t)] — g [(div ) 0 6()]
so that for ¢ in a neighborhood of 0,
vVug: Vi — prdive = n(t) o p(t) ™,
(since py = g 0 ¢(t) ™! and Vug = [V, (I+ V V)] 0 ¢(t)~1). Then, we have
e vVu;: Vi — pdive € LY(Qs \ @) since ¢ belongs to H2(RY), (ug, pr)
belongs to H?(Qs \ @;) x H'(Qs \ @) and Qs \ @; is bounded,

o ¢t n(t) € L1(Qs\ ) is differentiable at 0 by composition since ¢ — @(t) is
differentiable at 0 and 6 — (v, gp) is differentiable at 0 using Lemma 3.2,
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e vVug:Veo—pydive =vVu:Ve—pdive € WH (Q5\T) since ¢ belongs
to H*(RY), (u,p) belongs to H*(Q;\@) x H (2 \@) and Qs \ @ is bounded.

Thus, using Hadamard’s formula (Corollary 5.2.5 in Ref. 20), we decompose the
derivative I into I = J; + Jo with

Jp = /  {v V! Ve —pdive},
0D,

Ja ::/ {uVu':Vgo—p’divgo}—l—/ (vVu:Ve —pdive)(V -n).
Qs5\w 0(Q5\w)

Since V = 0 on 0925, we have:

ng/ {VVu’:Vgo—p/divgo}—k/ (vVu:Ve —pdive)(V -n).
Q(;\U

ow

Therefore

I= {VVu':Vgo—p’divcp}+/ (vVu:Ve —pdive)(V -n). (4.6)
Q\w Ow

By the same technics, we differentiate the right hand side of (4.5):

d | ) o
dt ( Q\Mf-¢>t_0—/mwdlv(f-sa)‘/— 8w(.f ®)(V -n). (4.7)

Gathering (4.5), (4.6) and (4.7), we get

{I/Vu':chfp’divap}Jr/ (I/Vu:Vgafpdivcp)(V~n):/ (f-¢)(V-n).

ow ow
(4.8)
We use the definition of tangential gradient and divergence and the formulae

0O\@

(Onu®n): (Onep®n) = Ohu-Onp and Vu: (Onp@n) = dqtt-Onp = Vi : (Opu®n)
to get

Vu:Ve =Vru:Vre + Ohu - Opep.
Plugging this relation in (4.8), we obtain:

/ {I/Vu’:ch—p'divgo}—i—/ (vVru:Vpe —pdivr ¢)(V - n)
o0\w d

=/ {(f- @)V -n) —vOhu-0np(V -n)+dne- (pn)(V -n)}.
We use the boundary condition —vd,u +pn = 0 on dw to simplify this relation in:

vV’ : Ve —p'diw}+/ (v Vrw: Vig—pdivy <P)(V~n)=/a (F-9)(V-n).

Ow
(4.9)
Fifth step: derivative of the boundary values condition. We differentiate with
respect to t the relation —vOyue + p; 1= 0 on 0. At t = 0, we obtain on 92 that
—vOhu’ +p'n=0.

0@
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Let us set vy := ug o ¢(t). By differentiation with respect to t (see Corollary
5.2.5 in Ref. 20), we obtain w' = v/ — VuV on Qs \ @, where v’ is the material
derivative of vy at t = 0. Thus, u’ belongs to H*(Q; \ @) as a sum of two terms in
this space. Indeed, the derivative v is the limit of the differential quotient (vy —v)/t
that belongs to H*(Qs \ @) since vy € H*(Q5 \ @) for all t € [0, T). The second term
Vu V is also in H*(Qs \@) by the local regularity result Appendix A.2. The crucial
point here is the C?' regularity of dw. Therefore, Au’ € L*(Qs \ @) and, using
(4.4), Vp' € L*(Qs \ @).

Now, consider ¢ € H?(Q; \ @) with compact support in €5 and compute

{vVu' : Ve —p'divel= {vVu': Ve —p'dive}
Nw Qs\w

:/ (—vAu'Wp')-w/ (v 0w’ —p'm) - o
Qg\w a(ﬂg\w)

:/ (VOuu' —p'n) - by (44).
9(Q5\w)

Since ¢ = 0 on 9, the boundary term on 925 cancels. Inserting (4.9), we obtain

/ (vOpu' —p'm) -+ / (vVru:Vre — pdivr ¢) (V - n)
ow ow

= g f-e(V-n). (4.10)

We integrate by parts on the boundary dw (which has no boundary)(see Proposition
5.4.9 in Ref. 20) to get

[ pdivee v = [ {p(vVome n - Vi),

/8 —vVru:Vre (V- n) =
i {—¢-divp (—vVru (V -n))+He - (—vVru(V -n)n)},

where H is the mean curvature of dw. Inserting these results in (4.10), we obtain

— Vg’ +p'n=—Ff(V -n) —divy vVru(V -n)) + vHVru(V -n)n
—Hp(V -n)n+ (V -n)Vrp+pVr(V -n). (4.11)
We used the fact that Vp(p(V -n)) = (V -n)Vrp + pVr(V - n)) and the density
in L?(0w) of the traces on dw of functions H?(Qs \ @) with compact support in Q.
Let us simplify this expression. According to the definition of the tangential

gradient (see (1.1)), VruVrp(V -n) = VuVr(V - n). We expand the tangential
divergence

divy (vVru(V - n)) = vdive (Vru) (V -n) + vVruVrp(V - n)
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and obtain the decomposition
divp (vVru(V -n)) = vAru(V -n) + vVuVr(V - n). (4.12)

Using Stokes equations —vAu + Vp = f in Q \ @ and the decomposition of the
Laplace-Beltrami operator (see Proposition 5.4.12 in Ref. 20), we compute

f=-v(Aru+Hoqu + dZ,u) +Vp on dw. (4.13)
Inserting (4.12) and (4.13) in (4.11), we obtain

—vOpt’ +p'n = vd2 u(V -n) - Vp(V -n) — vVuVr(V - n)
+vHVru(V -n)n+ (V- -n)Vrp+ pVr(V -n) on dw,

since (u, p) satisfies the boundary conditions —v9,u + pn = 0 on dw. We conclude
the proof by noting that Vrun = 0. D

First order shape derivatives of the functional. Define, for all ¢ € [0,T),
J(wy) :=j(t) := /O(ut — fu)?

Proof. (of Proposition 2.6).

First step: derivative of j and adjoint problem. By Proposition 2.5, (u,p) is
differentiable with respect to the shape. We denote their respective derivative by
u’ and p’. Differentiating j with respect to ¢ at 0, we obtain

7(0) = /O 20 (4 — fi).

Then, we consider the adjoint problem (2.3). According to Appendix A.1, it ad-
mits a unique solution (w,q) € HY(Q\ @) x L2(Q \ @) with / w = 0. Indeed,
o
the compatibility condition for the adjoint is true as consequence of our choice of
compatibility condition for the state.
Second step: writing of j'(0) as an integral on dw. We proceed by successive

integrations by parts. We multiply the first equation of the adjoint problem (2.3)
by ' to get:

/ vWw:Vu' = — (~v0hw +qn, w')yop) (4.14)
0w

since divu’ = 0 in Q \ @ (see Proposition 2.5). Then, we multiply the first equation
of the problem (2.2) by w to obtain

/ vVu':Vw = —/ (—vOhu’ +p'n) - w, (4.15)
oOw a(Q\®)
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since divw = 0 in Q \ @. Therefore, gathering (4.14) and (4.15) and using the
boundary conditions of (u/,p’) and (w, ¢) (see problems (2.2) and (2.3)), we obtain

/ 2(u — fb)u':/ [(vO2,u — Oupm) (V-n) +pVr(V-n) —vVuVr(V -n)| - w
o Ow

= [ {(v92,u — Oupn) - w (V-n) + ["(pI —vVu)w] - Vr(V n)}.
ow
Finally, we integrate by parts on the boundary Ow to obtain

/ 2(u — fp)u' = / [(v02,u — Onpn) - w — divy ((pI—v'Vu)w)] (V -n). o
[0 ow

Characterization of the shape Hessian at a critical point. We consider w* a
critical shape of the functional .J. We assume that w* has a C%! boundary. Thanks
to the local regularity result Appendix A.2,

(u,p) € H*(Q5 \ @) x H3(Q5 \w*) and (u’,p') € H*(Q5 \ w¥) x H'(Q5 \ w¥).

Proof. (of Proposition 2.7).

First step : second order shape differentiability. By Lemma 3.5, (u,p) is twice
differentiable with respect to the domain. We denote by (u’’,p”’) the second order
shape derivatives.

Second step: second derivative of j and derivative of the adjoint problem. Con-
sider V € U. We differentiate the function j twice with respect to t. At t = 0, it
holds

§"(0)=D*J(w) -V -V = / {2(11,')2 +2u" (u — fb)} )
o)
Since w* solves the inverse problem, u = f; on O. Therefore

D2J(w*)~V~V:/ 2(u’)2.
o

We introduce (w, q) € H' (Q\©) xL?(Q\@) with / w = 0 the solution of the adjoint

o
system (2.3). As we characterized w’ and p’ (see Proposition 2.5), we characterize
w’ and ¢/, the shape derivatives of w and ¢ to get

—vOhw' +¢'n= (VOi,w — Ougn) (V -n)+¢Vr(V -n) —vVwVp(V-n) on dw.

In particular, for w = w*, u = f on O. Uniqueness of the solution of Stokes problem
then enforces that (w,q) = (¢,0) where ¢ is constant. Using the fact that w = ¢
and ¢ = 0, we obtain system (2.4).

Third step: writing of 37”'(0) as an integral on dw. We multiply the first equation
of problem (2.4) by u’ to get

/ vWw' :Vu' = — (—vdqw’ + ¢'n, u')yq . (4.16)
o\
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We multiply the first equation of problem (2.2) by w’ to get
/Q\ vWu' :Vw' = — (vt +p'n, w'), . . (4.17)
Therefore, gathering (4.16) and (4.17), we obtain
/02(u,)2 = /8 ) [(vO2,u — Oupm) (V -n) + pVr (V - n) — vVuVr (V -n)| - w'y

Justifying the ill-posedness of the problem. The compactness of the Riesz
operator corresponding to the shape Hessian at possible solutions of the inverse
problem is here proved using a local regularity argument. We do not use the hy-
drodynamical potential layers as it was done in Ref. 2 for the Laplacian case. This
should provide an alternative proof.

To prove Proposition 2.8, we first decompose the shape Hessian at a critical
point: for V e U,

D*J(w*) -V -V = (Typ(V), Mz 0 M (V). -

Here, Ty, p : H'2(0w*) — H™Y/?(0w*) is defined by
Tup(V) = (V97w — Oppn) (V-n) + pVr(V-n) — vVuVp(V-n),

and where M; : HY?(0w*) — HY2(8Q) is defined by M; (V) = v/, the solution of
(2.2). Finally, M : H'/2(09) — HY?(0w*) satisfies My(¢) = 1, where 1 is the
trace on dw* of the solution v of the following Stokes problem
—vAv+Vx =0 in Q\ w*,
dive =0 in Q\ w*,
—v0pv + xn = 215 on 99,
—vOhv +xn=0 on Jw*.

We study each operator: Lemma 4.1 states that T, , and M; are linear continuous
and Lemma 4.2 claims that Ms is compact. Hence, compactness is obtained by
composition of linear continuous operator with a compact one.

Lemma 4.1. The operators Ty, , and M, are linear continuous.

Proof. Since u and p don’t depend on V' and using the continuity of the tangential
gradient operator Vr, the operator T, , is linear continuous as multiplier by a
smooth function (see Ref. 21).

Let V € H?(8w*). We define My (V) =: u’ and

g6(V) = (v0%i,u — Oupn) (V -n) + pVr(V -n) — vVuVp(V - n).
Since Vr is linear continuous from H'/2(dw*) into H™Y2(dw*),

o1 1 Ve HY2(0w") — gp(V) € H Y2(w*)
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is linear continuous. Moreover the following operator is linear continuous:
@y : B e H Y?(0w*) — ¢ € HY/2(09),
where 1) is the trace on 9 of the solution v of the problem
—vAv+Vr =0 in Q)\w*
divv=0 in Q)\w*,

—vopav+7mn =0 on 09,
—vOpav +7mn =B on Jw*,

with / v = 0. Finally, by composition, M; = @5 0 1 is linear continuous from

O
H'/?(0w*) into H2(09). O
Lemma 4.2. The operator My : HY?(8Q) — HY?(8w*) is compact.

Proof. According to the local regularity result Appendix A.2, the operator
p € H/2(8Q) — v € H2(Qs \ w¥)

is linear continuous. Moreover, the domain Qs \ w* is bounded and the embedding
of H?(Qs \ w¥) in H'(Qs \ w¥) is then compact. Thus, since the trace operator of
dw* from HY(Qs \ @*) to HY2(dw*) is linear continuous, we get, by composition,
that My is compact. O

Appendix A. Some results on the Stokes problem with Neumann
conditions

In order to be complete, we choose to recall classical results with short proofs
about the Stokes problem with Neumann conditions: a theorem of existence and
uniqueness of the solution and a local regularity result. We refer to Ref. 9 and
Ref. 18 for a detailed study, in particular for the regularity of the solutions.

In all this appendix, we note C' a generic positive constant only depending on
the geometry of the domain and which may change from line to line.

For beginning, let us introduce two notations: for £ an open set of RV, we define

L3(Q) := {UELQ(Q);/Q'U:O},

and
VH(Q) = {ueH(Q);divu=0}.

Theorem Appendix A.1 (Existence and uniqueness of the solution).
Let 0 a bounded connected Lipschitz open set of RV (N € N*) and v > 0. Let

f="(f1,fn) € [HQ)], g €L2(Q) and fo = (for, - fon) € H 2(09Q) such



L3J anuary

7, 2011 9:22 WSPC/INSTRUCTION FILE

adraCaubetDambrine-m3as

28 M. Badra, F. Caubet, M. Dambrine

that (fi, 1)q = (fo;s 1)gq for all t = 1,...,N. Then, the problem: find (u,p) in
[H'(Q) NL§(Q)] x L2(Q) such that

/uVu:V’u—/pdivvz(j",U)Q—U"b,'u)aQ Vv € HY(Q),
) Q

/diivuzfggg vE € L2(9),

admits a unique solution and the following estimate holds:

(A.1)

lllers oy + IPllzce) < € (IF @y + gz + 1 folli-1200 ) -
Moreover, for k > 0, if the open set Q has a C**tH1 boundary and if
(£, 9. f5) € HY(Q) x HFT1(Q) x H"2(09),
then the pair (u,p) belongs to H*2(Q) x HFT1(Q), satisfies

—vAu+Vp=f inQ,
divu =g in ),
—v0hu + pn = fp on 09,

and the following estimate holds:
lulls iz + Pl < € (1 oy + lgllmess o) + Ifollger s o)

Proof. Ezistence and uniqueness. For the proof of the first part of Appendix A.1,
let us begin by studying the case of null divergence. According to Lax-Milgram’s
Theorem, there exists a unique w € V*(Q) N L3(Q) such that

/ vWu:Vo = (f,v)g — (fo, v)yq Yo e VHQ) NLIQ), (A.2)
Q
and we have

lellers oy < € (I fllgre oy + I folls-1200 ) - (A3)

For v € V(Q), we define
v,
clv):==— [ v
W= g

and we use v — c(v) € VI(Q)NL3(Q) as a test function in (A.2). According to the
compatibility condition, we check that (A.2) is also true for all v € V!(Q) and in
particular for all v € V*(Q) N Hy(2). Then, using De Rham’s Theorem (see for
example Lemma 2.7 in Ref. 7), there exists p € L?(2), up to an additive constant,
such that

yV'u,:V'v—/ dive = 1), U Yo € HY(Q). A4
/| [ paivo = (Flrgo ) o (O (A4
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We define pn (z) := *(z1, ..., 7x)/N, where N is the dimension and (1, ..., ) are
the coordinates of x: ¢ is such that divepny = 1. Let v € Hl(Q) and

1
(V) i= —
9] Joa
Using Theorem 3.2 in Ref. 17 or Lemma 3.3 in Ref. 7, we define vy € V'(Q) in
such a way that v = vy + va + ¢, (v)pn, where vy € Hy(Q) satisfies

V- n.

divvy =div (v — cp(v)pnN).
According to (A.2) (which remains valid for v € V*(Q)) and (A.4) and choosing
the additive constant for p such that / p=—(Ff,on)o+ (fo.PnN)sq, We check
Q
that

/qu:V'v—/pdivv:(f,v>Q—<fb,v>8Q.
Q Q

Therefore, there is a unique pair (u,p) € [VI(Q) N Lg(Q)] x L2(Q) such that

/z/Vu:V'v—/pdivv:(f,v)Q—(fb,waQ vv € HY(Q). (A.5)
Q Q

1
c(p) == @/Qp

and ¥ € Hy(Q) is such that dive = p — ¢(p) and ol ) < ClipllLz) (see
Theorem 3.2 in Ref. 17 or Lemma 3.3 in Ref. 7). Using v in (A.5), and according
to (A.3), we obtain

Let v := v + ¢(p)pn, where

el + IPlla@) < C (Il + 1 lla-20m) -

The first part of the theorem is proved for g = 0. The case g # 0 is obtained by a
lifting argument. Let us define

ug = Ug + c(g) PN — ﬁ /Q (ug +clg)en) € H'(Q),

1
c(g) == ﬁ/gg

and where, according to Theorem 3.2 in Ref. 17 or Lemma 3.3 in Ref. 7, uy € H}(Q)
is such that divuy = g — c(g) and [[uglmy) < CllgllL2(0)- Thus ug is such that

where

/ ug =0, divug=g in Q and lugller () < CllgllLz(o)-
Q

Thus, defining ug := u — ug and

f:vEHl(Q)»—)U",v)Q—/uVug:VU,
Q
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the problem (A.1) is equivalent to
Find (uo,p) € [V'(Q) NLJ(2)] x L?(Q2) such that
/ vVug: Vv — / pdive = <f, 'v> —(fo,v)yq VYvE H'(Q).
Q Q Q2

Regularity of the solution. For the second part of Appendix A.1 concerning the
regularity of (u,p), we refer to Section 5.3 in Ref. 9 and Ref. 18 for the homogeneous
case g = 0 and f = 0. To obtain the result for g # 0 and f3 # 0 let us define

1 .
P, = 9] (/Q g) en  and  V(g) :=2vHep, - n —vdivr (¢,)r

where (¢, )+ is the tangential component of ¢, and H is the mean curvature of 9.
According to Theorem A in Ref. 6, there exists € H*"2(2) such that

divu=g in Q, u=¢, and vihu=—(fp), +¥(g)n+rvgn on 00,
and which satisfies the following estimate:
l@llsgrac@) < C (gl + 1 olmezon) ) -

Moreover, with a continuous right inverse of the trace operator, we define a pressure
function p € H¥+1(Q) such that p = f - n + ¥(g) + g on IQ and which depends
continuously on (g, f) in H*1(Q) x H**1/2(Q). Then we have constructed a pair
(u, p) such that

—vohu+pn = fp on 0N,

and which obeys the following estimate:
]l gr+z () + [[Pllar+r @) < C (HQHHkH(Q) + ||fb||H’“+1/2(89)) :

Finally, we check that the vector field F := f + vAu — Vp € H*(Q) satisfies

1Py < € (I F e + gl + I folles200)) - (A6)

and, since regularity results in the homogeneous case (see Ref. 9 and Ref. 18) ensures
that the solution to:

vAw +Vqg=F in Q,
divw =0 on €,
—vohbw+qgn =0 on 09,

belongs to H*2(Q) x H*1(Q) and satisfies:
|wllgr+20) + lgllar+ @) < ClFar @) (A7)

the conclusion follows by remarking that (u,p) = (w + w, ¢ + p) and by combining
(A.6) with (A.7). O
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Remark Appendix A.1l. As in the proof of Appendix A.1, we can obtain the
following result from Theorem A in Ref. 6: if Q is a bounded connected open set of
RY with a C**! boundary and if

(g,b0,b1) € Hk"'l(Q) X Hk+3/2(aQ) % Hk+1/2((‘3Q)

satisfies / bo'n = / g, then there exists a pair (v, 7) € H*"2(Q) x H*+1(Q2) such
0 Q
that

divv=¢g inQ, wv=by and —vd,v+7n=byon I

and
[vller+2 ) + (|7 llarr1@) < C (HgHHk+1(Q) + ||bo |l ggr+3/200) + ||b1||Hk+1/2(aQ)> .

To enunciate the following result concerning the local regularity of the solu-
tion of the Stokes problem, we recall some notations introduced in section 3: for
k,m € N, k < m and for two open sets €2; and 5 such that Qs C €y, we note
Xkm(Q,Q5) the space of functions in H¥(£2;) such that their restriction to Qg
belongs to H™(£2). Similarly, X*™ (4, Q) is the space of functions in [Hl(ﬂl)]/
such that their restriction to 5 belongs to H™(Q5).

Theorem Appendix A.2 (Local regularity). Let k € N, v > 0, Q a bounded
connected Lipschitz open set of RN (N € N*) and w an open set with a CF+11
boundary strictly included in Q0 (that is to say there exists § > 0 such that w is at
least at distance 6 of the boundary 02) and such that Q\ @ is connected. Let C and
C' two smooth open subsets of Q\ @ such that Ow C AC, dw C AC', C C C' and
C'Cc Q. Let

(.9, hewt, hint) € X*F(Q\@,C") x XOF1(Q\ @,C") x H2(00Q) x H 2 (0w),

such that fi= <hém, 1>89 —l—/ ., for alli=1,..,N, where f*, hl_, and
_ NG 8

hi.. are the respective components of f, hegt and hint. We consider (u,p) the

solution in H (Q\ @) x L2(Q\ @) of the following Stokes problem with Neumann

boundary conditions

w

—vAu+Vp=Ff inQ\w,
divu=g inQ\,

—v0p + pn = hegy on OF),

—v0pu + pn = hjne on Ow.

Then (u,p) belongs to H*2(C) x H**1(C) and the following estimate holds:

wllgr+z(cy + [IPllar+(c)

<C (”f”x*‘k(ﬂ\w,C') + lgllxor+1 @ \mery + ||hintHHk+%(aw) + ||hea:tHH—1/2(aQ)) :
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Proof. First, let us consider the case k = 0. We define V :=CUw, V' :=C' Uw
and p € C°(Q) such that 0 < 9 <1, o=1in Vand ¢ =0in Q\ V. Let

(u,p) € [H'(Q\w) NL{(Q\@)] x L*(Q\ @)
the solution of problem (A.8) given by Appendix A.1. Using (A.8), we check that

—vA(pu) + V(pp) = f  inC,
div(pu) =g in(C,

—vOn(pu) + (pp)n =0  on 9V,

—v0n(pu) + (pp) 1 = hipt on Ow,

where f 1= of —vulp —20VuVe+pVep € L3(C') and § := pg+u- Ve € H(C).
From Appendix A.1, pu € H*(C'), pp € H'(C') and, taking into account of the
expression of f and g, we also have

loullaz ey + leplla e

<C (HSD.fHL?(C’) + [legllm ey + vl e + 1Pl w) + th’ntHHl/z(aw)) :
(A.9)

Using this inequality and the estimate on [|u|g:\z) and [pllLz@\@) given by
Appendix A.1, we obtain the announced estimate for £ = 0. Proceeding as above,
we conclude by induction. O
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